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1. Introduction

Gravity in three dimensions is simple enough to be studied in great depth and compli-

cated enough to make such studies interesting. Pure Einstein-Hilbert gravity exhibits no

propagating physical degrees of freedom [1 – 3]. If the theory is deformed by a negative

cosmological constant it has black hole solutions [4]. Another possible deformation is to

add a gravitational Chern-Simons term. The resulting theory is called topologically mas-

sive gravity (TMG) and, remarkably, contains a massive graviton [5]. Including both terms

yields cosmological topologically massive gravity [6] (CTMG), a theory that exhibits both

gravitons and black holes.

Recently, Li, Song and Strominger [7] considered CTMG with the following action

ICTMG =
1

16πG

∫

M

d3x
√−g

[

R+
2

ℓ2
+

1

2µ
ελµνΓρ

λσ

(

∂µΓσ
νρ +

2

3
Γσ

µτΓτ
νρ

)]

, (1.1)

where the negative cosmological constant is parameterized by Λ = −1/ℓ2. Notably, the

sign of the Einstein-Hilbert action in (1.1) differs from the choice in [5] that is required to

make the graviton energy positive. The chosen sign in (1.1) has the advantage of making

the BTZ black hole energy positive in the limit of large µ, which is not the case otherwise.

Exploiting the properties of the underlying SL(2,R)L×SL(2,R)R isometry algebra, [7]

argued that the would-be-negative energy of the massive graviton mode actually is zero if

the constants µ and ℓ satisfy the chiral condition1

µℓ = 1 . (1.2)

1The point µℓ = 1 is special because one of the central charges of the dual boundary CFT vanishes,

cL = 0, cR 6= 0, and the mass M and angular momentum J of the BTZ black hole solutions satisfy

J = Mℓ. In [7] the theory (1.1) with (1.2) was dubbed “chiral gravity”, assuming that all solutions obey

the Brown-Henneaux boundary conditions [10]. We slightly relax the latter assumption in our discussion,

so to avoid confusion we stick to the name “cosmological topologically massive gravity at the chiral point”

and abbreviate it by CCTMG, where the first C stands for “chiral”.

– 1 –



J
H
E
P
0
7
(
2
0
0
8
)
1
3
4

Thus, the sign choice in (1.1) would be admissible as long as (1.2) holds. For this tuning

the massive graviton mode ψM (µℓ) becomes identical to a mode that exists already in

cosmological Einstein gravity. This ‘left-moving’ mode ψL is not a physical bulk degree of

freedom, and thus the theory appears to lose one physical degree of freedom at the chiral

point.

A recent work by Carlip, Deser, Waldron and Wise disputes the claim that no negative

energy bulk mode arises for cosmological topologically massive gravity at the chiral point

(CCTMG) [8]: They find no loss of degree of freedom at the chiral point. The approach of

Carlip et al. is quite different though, which makes a direct comparison cumbersome.

We clarify here this discrepancy by constructing a negative energy bulk mode that was

not considered in [7], employing their approach. The reason for its existence is the very

reason why CCTMG seemingly loses a degree of freedom: When two linearly independent

solutions to a differential equation degenerate, a logarithmic solution appears. In the

present case, the wave function ψM of the massive mode degenerates with the left-moving

mode ψL. Therefore, a new solution appears, whose wave-function is given by

ψnew = lim
µℓ→1

ψM (µℓ) − ψL

µℓ− 1
. (1.3)

In this work we study this mode and reveal several intriguing features. In particular it

grows linearly in time and the radial coordinate of AdS3. We compute its energy and show

that it is finite, negative and time-independent. We also demonstrate that the variational

principle is well-defined, including boundary issues. The new mode (1.3) turns out not to

contribute to the boundary stress tensor, which is finite, chiral, conserved and traceless,

and coincides with the one of global AdS3. To achieve these results we have to extend the

analysis of Kraus and Larsen [9], who dropped a term in the Fefferman-Graham expansion

that becomes relevant here. Furthermore, we demonstrate that the L0 and L̄0 isometry

generators have matrix representations identical to those in logarithmic CFT (LCFT), and

therefore the theory is not unitary.

With well-defined variational principle and finite energy, we see no reason to dismiss

this mode a priori. Its negative energy renders CCTMG unstable, concurrent with [8].

We find it noteworthy, however, that the destabilizing mode of CCTMG has characteris-

tics quite different from the corresponding modes for general µℓ. For instance, the new

mode does not obey the original Brown-Henneaux boundary conditions [10] (for a very

recent treatment of CTMG imposing Brown-Henneaux boundary conditions, see [11]), but

a slightly weaker version thereof that is still consistent with spacetime being asymptotically

AdS3. Namely, our Fefferman-Graham expansion for the metric in Gaussian coordinates

is of the form

ds2 = ℓ2 dρ2 +
(

e2ρ γ
(0)
ij + ρ γ

(1)
ij + γ

(2)
ij + . . .

)

dxidxj , (1.4)

which reduces to the Brown-Henneaux case for vanishing γ(1) only. Moreover, the new mode

is not periodic in time and therefore does not contribute to a finite temperature partition

function. This could mean that it is nevertheless possible to make sense of CTMG exactly

at the chiral point, as conjectured by Li, Song and Strominger [7]. This would have to

involve a consistent truncation of the new mode. We shall argue in the Conclusions that
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even without such a truncation CCTMG and its related LCFT provide interesting subjects

for further studies.

This paper is organized as follows. We begin in section 2 by recalling basic features

of CTMG and CCTMG. We construct the new physical mode and calculate its energy

in section 3. In section 4 we show that this mode is a valid classical solution (including

boundary issues) and we calculate the boundary stress tensor. We conclude with a brief

summary and discussion of future prospects for CCTMG and chiral gravity in section 5.

Before starting, we mention some of our conventions. We set 16πG = 1 and otherwise

use the same conventions for signature and sign definitions2 as in [7], including Riemann

tensor Rµ
νσλ = ∂σΓµ

νλ + . . . , Ricci tensor Rµν = Rλ
µλν and epsilon symbol ǫ012 = ǫ01 =

+1. The epsilon-tensor is denoted by ελµν = ǫλµν/
√−g. For sake of specificity we consider

exclusively ℓ > 0. We use Greek indices for 3-dimensional tensors and Latin indices for

2-dimensional ones. For adapted coordinates we take x0 = τ , x1 = φ and x2 = ρ. Our

conventions for boundary quantities and the Fefferman-Graham expansion are summarized

in appendix A.

2. CTMG and CCTMG

In this section we review the powerful formulation of linearized CTMG developed in [7].

We put particular emphasis on the behavior at the chiral point µℓ = 1.

The background metric ḡµν is that of global AdS3,

ds2 = ḡµν dx
µdxν = ℓ2

(

− cosh2ρ dτ2 + sinh2ρ dφ2 + dρ2
)

, (2.1)

whose isometry group is SL(2,R)L × SL(2,R)R. In light-cone coordinates u = τ + φ,

v = τ − φ the SL(2,R)L generators read

L0 = i∂u (2.2)

L−1 = ie−iu

[

cosh 2ρ

sinh 2ρ
∂u − 1

sinh 2ρ
∂v +

i

2
∂ρ

]

(2.3)

L1 = ieiu
[

cosh 2ρ

sinh 2ρ
∂u − 1

sinh 2ρ
∂v −

i

2
∂ρ

]

(2.4)

with algebra
[

L0, L±1

]

= ∓L±1 ,
[

L1, L−1

]

= 2L0 (2.5)

and quadratic Casimir

L2 =
1

2

(

L1L−1 + L−1L1

)

− L2
0 . (2.6)

The SL(2,R)R generators L̄0, L̄−1, L̄1 satisfy the same algebra and are given by (2.2)-(2.4)

with u↔ v and L↔ L̄.

The full non-linear equations of motion of CTMG read

Gµν +
1

µ
Cµν = 0 , (2.7)

2The Chern-Simons term in (1.1) has a sign different from [7], thus correcting a typo in that work.
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where

Gµν = Rµν − 1

2
gµνR− 1

ℓ2
gµν (2.8)

is the Einstein tensor (including cosmological constant) and

Cµν =
1

2
εµ

αβ ∇αRβν + (µ↔ ν) (2.9)

is essentially the Cotton tensor. To look for perturbative solutions to (2.7), we write the

metric as the sum of the AdS3 background (2.1) and fluctuations hµν .

gµν = ḡµν + hµν . (2.10)

Expanding in hµν produces the linearized equations of motion

Glin
µν +

1

µ
C lin

µν = 0 , (2.11)

where

Glin
µν = Rlin

µν − 1

2
ḡµνR

lin +
2

ℓ2
hµν (2.12)

and

C lin
µν =

1

2
εµ

αβ∇̄αG
lin
βν + (µ ↔ ν) (2.13)

are the linear versions of the Einstein and Cotton tensors, respectively. Expressions for the

linearized Ricci tensor Rlin
µν and Ricci scalar Rlin can be found in [12].

By choosing the transverse and traceless gauge

∇̄µh
µν = 0 , ḡµνhµν = 0 (2.14)

the linearized equations of motion (2.11) take the form

(

DRDLDMh
)

µν
= 0 . (2.15)

The mutually commuting differential operators DL/R/M are given by

(DL/R)µ
ν = δν

µ ± ℓεµ
αν ∇̄α , (DM )µ

ν = δν
µ +

1

µ
εµ

αν ∇̄α . (2.16)

Notice that for CCTMG DM = DL, and that the equations of motion for this case read

(

DRDLDLh
)

µν
= 0 . (2.17)

For generic values of µ and ℓ the three linearly independent solutions to (2.15) can be taken

to satisfy
(

DLhL
)

µν
= 0 ,

(

DRhR
)

µν
= 0 ,

(

DMhM
)

µν
= 0 . (2.18)

These branches of solutions are referred to as left-moving, right-moving and massive gravi-

tons, respectively. Solely the latter entails physical bulk degrees of freedom. The basis of

solutions (2.18) becomes inadequate at the chiral point µℓ = 1, since, at that point, the
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L and M branches coincide. In the next section we remedy this deficiency by explicitly

constructing a mode hnew
µν satisfying3

(

DLDLhnew
)

µν
= 0 ,

(

DLhnew
)

µν
6= 0 . (2.19)

Using the SL(2,R) algebra, [7] finds all solutions to (2.18). These sets of solutions consist

of primaries satisfying L1ψ = L̄1ψ = 0, and descendants obtained by acting with L−1 and

L̄−1. The explicit form of the wave functions for the massive and left-moving primaries

will be of importance to us, so we recall them here.

ψM
µν = e−(3/2+µℓ/2)iu−(−1/2+µℓ/2)iv sinh2ρ

(cosh ρ)1+µℓ







1 1 ia

1 1 ia

ia ia −a2







µν

(2.20)

where

a :=
1

sinh ρ cosh ρ
(2.21)

The left-mover ψL
µν is obtained from (2.20) by setting µℓ = 1. The real and imaginary

parts of ψµν separately solve the equations of motion. We take

hµν = ℜψµν . (2.22)

This concludes our recapitulation of CTMG.

3. Logarithmic mode with negative energy

In this section we construct and discuss the new mode of CCTMG. Using the explicit

form (2.20) of ψM it is straight-forward to perform the standard construction:

ψnew
µν := lim

µℓ→1

ψM
µν(µℓ) − ψL

µν

µℓ− 1
= y(τ, ρ)ψL

µν (3.1)

where we define the function y by

y(τ, ρ) := −iτ − ln cosh ρ . (3.2)

When analyzing the asymptotics of the new mode it will be convenient to have an explicit

expression for hnew
µν . Using (2.20)-(2.22) we obtain

hnew
µν =

sinh ρ

cosh3ρ

(

cos (2u) τ − sin (2u) ln cosh ρ
)







0 0 1

0 0 1

1 1 0







µν

− tanh2ρ
(

sin (2u) τ + cos (2u) ln cosh ρ
)







1 1 0

1 1 0

0 0 − sinh−2ρ cosh−2ρ







µν

.

3We are grateful to Roman Jackiw for suggesting to perform such a construction.
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We see that the new mode grows linearly in time, and also (asymptotically) in the radial

coordinate ρ.

To show that ψnew
µν solves the bulk equations of motion, let us determine the action of

the isometry algebra. Acting on y we obtain

L0 y = L̄0 y =
1

2
, L1 y = L̄1 y = 0 . (3.3)

Correspondingly, on ψnew the action is

L0 ψ
new
µν = 2ψnew

µν +
1

2
ψL

µν , L̄0 ψ
new
µν =

1

2
ψL

µν , L1 ψ
new = L̄1 ψ

new = 0 . (3.4)

Note that ψnew is not an eigenstate of L0 or L̄0, but only of L0 − L̄0. Because of the

relations (3.4) it is impossible to decompose ψnew as a linear combination of eigenstates to

L0 and L̄0. The representation of L0 and L̄0 as matrices,

L0

(

ψnew

ψL

)

=

(

2 1
2

0 2

)(

ψnew

ψL

)

, L̄0

(

ψnew

ψL

)

=

(

0 1
2

0 0

)(

ψnew

ψL

)

, (3.5)

shows that their Jordan normal form is the same as in LCFT [13]. In the parlance of

LCFT literature ψnew is the logarithmic partner of ψL. (For reviews see [14, 15]; for some

applications to AdS/LCFT see [16 – 20].4)

From the equations (3.4) we deduce

(DRDLψnew)µν = −1

2

(

∇̄2 +
2

ℓ2
)

ψnew
µν =

1

ℓ2

(

L2 + L̄2 + 2

)

ψnew
µν = − 1

ℓ2
ψL

µν (3.6)

and consequently
(

DLDRDLψnew
)

µν
= 0 . (3.7)

The identity (3.7) shows that ψnew solves the classical equations of motion. Acting on ψnew

with L−1 and L̄−1 produces a tower of descendants.

As expected on general grounds, the new mode ψnew is indeed a physical mode and

not just pure gauge. To prove this it is sufficient to demonstrate that there is no gauge

preserving coordinate transformation ξµ that annihilates ψnew
µν ,

∇̄(µξν) + ψnew
µν = 0 . (3.8)

The quickest way to show that (3.8) has no solution for ξµ is as follows: for any ξµ preserving

the gauge conditions ∇(µξν) solves the linearized Einstein equations,5 while ψnew
µν does not.

We also mention that despite of the linear divergence of ψnew in the radial coordinate ρ the

linearized approximation does not break down asymptotically, i.e., (3.3) really is a small

perturbation of the AdS3 background.

4The relation to LCFTs was pointed out by John McGreevy during a talk by Andy Strominger at MIT.

We thank John McGreevy for discussions on LCFTs.
5We thank Wei Li and Wei Song for providing this argument.
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Let us now compute the energy of the new mode. We do this by the procedure described

in [21, 7]. The Hamiltonian is given by

H =

∫

dx2
(

ḣµνΠ(1)µν + (∇̄0ḣµν)Π(2)µν − L
)

, (3.9)

where L is the Lagrange density expanded to quadratic order in h, and the canonical

momenta Π(1)µν and Π(2)µν are given by

Π(1)µν = −
√−ḡ

4

(

∇̄0(2hµν + ℓ εµα
β∇̄αh

βν) − ℓ εβ
0µ(∇̄2 +

2

ℓ2
)hβν

)

(3.10)

Π(2)µν = −
√−ḡ ḡ00

4
ℓ εβ

λµ∇̄λh
βν . (3.11)

It is slightly lengthy, but straightforward to evaluate (3.9) on the solution (3.3). By virtue

of the on-shell relations (3.6) and L = 0 the on-shell Hamiltonian reduces to

H
∣

∣

EOM
=

1

2

∫

d2x
√−ḡ

[(

(∇̄0ḣnew
µν )(hµν

new + ℓ εµα
β∇̄αh

βν
new) +

1

ℓ
ḣnew

µν ε0µ
β h

βν
L

)

− ḡ00∂0

(

ḣnew
µν

(

hµν
new +

ℓ

2
εµα

β∇̄αh
βν
new

))]

=: Enew (3.12)

Note the appearance of both hnew and hL in the integrand. Evaluating the integral (3.12)

leads to the result (with 16πG reinserted)

Enew =
2π

16πGℓ3

∞
∫

1

dx

(

8

x9
log x− 9

2x9
− 2

x7
log x+

1

x7

)

= − 47

1152Gℓ3
. (3.13)

We see explicitly that the energy is finite, negative and time-independent. While the

finiteness of (3.13) may seem surprising considering that hnew diverges, we recall that it is

not unusual for a mode to grow linear in time and still have time independent finite energy.

Comparable precedents are free motion in Newtonian mechanics and static spherically

symmetric solutions of the Einstein-massless-Klein-Gordon model with a scalar field that

grows linearly in time [22].

We conclude that the new mode (3.3) for CCTMG cannot be dismissed on physical

grounds, since it is not merely pure gauge and its energy remains bounded. Moreover, its

energy is negative and thus CCTMG is unstable. The boundary issues considered in the

next section do not alter this conclusion.

4. Variational principle and boundary stress tensor

We pose now the relevant question whether the new mode (3.3) is actually a classical

solution of CCTMG. To this end not only the bulk equations of motion (2.17) must hold,

as they do indeed, but also all boundary terms must be canceled so that the first variation

of the on-shell action

δICCTMG

∣

∣

EOM
= −

∫

∂M
d2x

√−γ
(

Kij −
(

K − 1

ℓ

)

γij

)

δγij

+ ℓ

∫

∂M
d2x ǫij

(

Rkρ
jρ δγik +Ki

k δKkj −
1

2
Γk

li δΓ
l
kj

)

(4.1)
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vanishes for all variations preserving the boundary conditions. While answering this ques-

tion in the affirmative, we shall obtain as a byproduct the result for the boundary stress

tensor T ij, which follows also from the variation of the on-shell action

δICCTMG

∣

∣

EOM
=

1

2

∫

∂M
d2x

√

−γ(0) T ij δγ
(0)
ij . (4.2)

Here γ(0) is the metric on the conformal boundary as defined in appendix A. In order to

proceed we must supplement the bulk action (1.1) with appropriate boundary terms.

CCTMG requires two kinds of boundary terms, as most other gravitational theories do:

a Gibbons-Hawking-York boundary term for making the Dirichlet boundary value problem

well-defined, and a boundary counterterm for making the variational principle well-defined.

It was shown by Kraus and Larsen [9] (for related considerations see also [23]) that the

fully supplemented CCTMG action is given by

ICCTMG =

∫

M

d3x
√−g

(

R+
2

ℓ2

)

+ 2

∫

∂M
d2x

√−γ
(

K − 1

ℓ

)

+
ℓ

2

∫

M

d3x
√−g ελµνΓρ

λσ

(

∂µΓσ
νρ +

2

3
Γσ

µτΓτ
νρ

)

(4.3)

Its first variation leads to (4.1) above. Remarkably, the boundary terms are just the ones

that are present already in cosmological Einstein-Hilbert gravity, i.e., the terms in the

first line of (4.3). However, the result (4.3) was derived assuming a restricted Fefferman-

Graham expansion of the boundary metric, i.e., one that does not involve the term linear

in ρ in (4.4) below. This is not sufficient to encompass the new mode described in section 3.

Rather, we get the expansion announced in (1.4), viz.

γij = e2ργ
(0)
ij + ρ γ

(1)
ij + γ

(2)
ij + . . . (4.4)

for the boundary metric, which coincides with [9] for γ
(1)
ij = 0 only. Here γ

(0)
ij is the

conformal metric at the boundary, γ
(1)
ij describes the linearly growing contribution and γ

(2)
ij

the constant contribution.

Let us comment briefly on the linear term in (4.4). Such a term is always present

in pure gravity for odd-dimensional AdS spacetimes with dimension D ≥ 5. In D = 3

the coefficient in front of this term is set to zero by the Einstein equations [24], and it is

not included in the boundary conditions of Brown and Henneaux [10]. However, it is also

well-known that violations of the original Brown-Henneaux boundary conditions can arise

even in three dimensions if gravity couples to matter [25], and that the linear term in (4.4)

does not spoil the property of spacetime being asymptotically AdS [26]. Interestingly, the

coupling to a Chern-Simons term leads to such a linear term, as we demonstrate here

explicitly.

To identify the coefficients γ(i), we recall that the full metric is given by (2.10), where

ḡµν is the background metric (2.1) and hµν = hnew
µν is the new mode (3.3). The boundary

metric

γ
(0)
ij =

ℓ2

4

(

−1 0

0 1

)

ij

(4.5)

– 8 –
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is (trivially) conformal to the Minkowski metric, the linearly growing contribution reads

γ
(1)
ij = − cos (2u)

(

1 1

1 1

)

ij

(4.6)

and the constant contribution is given by

γ
(2)
ij = −

(

sin (2u) τ − cos (2u) ln 2
)

(

1 1

1 1

)

ij

− ℓ2

2

(

1 0

0 1

)

ij

. (4.7)

The first term in (4.7) comes from hnew and the second one from the next-to-leading order

term of the AdS3 background. As explained in appendix A we use (4.4) to expand relevant

quantities like extrinsic curvature for large ρ.

Variations that preserve the boundary conditions are those where δγ(0) vanishes, but

δγ(1) and δγ(2) may be finite. Thus, a well-defined variational principle requires that only

δγ(0) remains in (4.1) after taking the limit ρ → ∞. We have checked that all the terms

appearing in (4.1) indeed contain exclusively δγ(0)-terms, see (A.11)-(A.16) in appendix A.

Therefore, we have generalized the conclusions of Kraus and Larsen that CTMG has a

well-defined variational principle to the case where the Fefferman-Graham expansion (4.4)

has a non-vanishing contribution from (4.6).

From the result (A.16) in appendix A we can now read off the boundary stress tensor

as defined in (4.2).

T ij = lim
ρ→∞

1

ℓ

[

(ρ− 1/2)
(

γij
(1)

− γil
(1)γ

(0)
lk ε

kj
)

+ γij
(2)

− γil
(2)γ

(0)
lk ε

kj

]

+ (i↔ j) (4.8)

For vanishing γ(1) this coincides with the result6 (5.14) of [9] if we take into account the

tracelessness of γ(2). For non-vanishing γ(1) apparently the boundary stress tensor (4.8)

diverges. However, with (4.6) we see that the expression

γij
(1) − γil

(1)γ
(0)
lk ε

kj = 0 (4.9)

actually vanishes identically. Therefore, the linear divergence in ρ is not present in the

boundary stress tensor for the mode (3.3). By the same token we see from (4.7) that the

u-dependent contribution to T ij vanishes identically. The equations (4.5)-(4.9) establish

our result for the boundary stress tensor (with 16πG reinserted)

Tij = − ℓ

16πG

(

1 1

1 1

)

ij

. (4.10)

Since all the contributions from hnew vanish, this is nothing but the boundary stress tensor

for global AdS3. The AdS stress tensor is interpreted as the Casimir energy of the dual

field theory [27, 28].

The boundary stress tensor (4.10) is finite, traceless, conserved and chiral. Except

for the crucial first property of finiteness, these features might have been anticipated on

6We note that in [9] there is a sign change between appendix and body of the paper.
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general grounds. The finiteness confirms our conclusion of the previous section: The new

mode (3.3) cannot be dismissed on physical grounds. From (4.10) we recover the standard

result for the mass of global AdS3:

MAdS3
= 2πℓ

Tττ

ℓ2
= − 1

8G
= − cR

24ℓ
= −2πℓ

Tτφ

ℓ
=

1

ℓ
JAdS3

(4.11)

The central equality holds because for CCTMG cL = 0. It yields cR = 3ℓ/G. The last

equality shows that the angular momentum is non-vanishing, a well-known consequence of

the gravitational Chern-Simons term [cf. (5.18) in [9] with β = −ℓ/(32πG)].

5. Conclusions

To summarize, we have investigated CCTMG (1.1), (1.2) at the linearized level along the

lines of [7] and found a new mode (3.3), concurrent with the analysis of [8]. We checked

that this mode is physical, i.e., not pure gauge, and that it has finite, time-independent

negative energy (3.13). We showed also that this mode is a valid classical solution in the

sense that the variational principle is well-defined. Furthermore we demonstrated that

it has a Fefferman-Graham expansion (4.4) and therefore does not spoil the property of

spacetime being asymptotically AdS3. Thus, we may conclude that CCTMG is unstable,

because the new mode is physically acceptable, but has negative energy. As a byproduct

we calculated the boundary stress tensor (4.10) and found that it coincides with the one

of global AdS3. By analyzing the action of the isometry algebra on the new mode, we

concluded that a dual CFT describing this mode must be a logarithmic CFT and therefore

is not unitary.

While the analysis in the current work used the linearized approximation, the new

mode is present also non-perturbatively. This can be checked easily by a canonical analysis,

which reveals that nothing special happens with the dimension of the physical phase space

as the chiral point (1.2) is approached.7

It is conceivable that nonperturbative effects stabilize CCTMG, i.e., that the instabil-

ity is an artifact of perturbation theory, but we have found no evidence for this suggestion.

Since very few exact solutions of CTMG are known [32 – 37] and because the new mode (3.3)

exhibits two commuting Killing vectors, a reasonable strategy to find relevant nonpertur-

bative solutions would be the consideration of exact solutions with two commuting Killing

vectors. To this end a 2-dimensional dilaton gravity [38] approach extending the analysis

of [39, 40] could be helpful (see also [41]). We also recall that the gravitational modes

have positive energy — not just for CCTMG, but generically — if the sign of the Einstein-

Hilbert term in (1.1) is reversed. This sign change, however, leads to negative energy for

BTZ black hole solutions8 as emphasized in [7].

7We thank Steve Carlip for conveying this information to us. We have convinced ourselves independently

that this statement is true, but we do not include the corresponding analysis here. We just mention that a

simple way to derive this statement is to exploit the first order formulation of [29] and count the number

of first- and second-class constraints. See also ref. [30] for a recent canonical analysis along these lines and

ref. [31] for a corresponding analysis at ℓ = ∞.
8In [8] it was pointed out that this issue is resolved if one finds a superselection sector in which BTZ

black holes are excluded.
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CCTMG can exist as a meaningful theory, which one might call chiral gravity, if

the new mode is absent. Thus, it is of interest to point out applications where the new

mode is eliminated. If one imposes boundary conditions that are stricter than required

by the variational procedure then the new mode can be discarded. This is the case if one

imposes the original Brown-Henneaux boundary conditions [10]. However, we reiterate

that the expansion (4.4) is consistent with spacetime being asymptotically AdS3 [26], so a

priori there is no reason to impose stronger conditions. Indeed, insisting on this stronger

set of boundary conditions would also eliminate physically interesting solutions in similar

theories of gravity [25]. Whether such a truncation of CCTMG to chiral gravity is quantum

mechanically consistent remains as a pivotal open issue.9

Alternatively, if one imposes periodic boundary conditions τ = τ + β on the metric

the new mode (3.3) is eliminated since it is linear in τ . Therefore, at finite (but arbitrarily

small) temperature the new mode appears to become irrelevant. This conclusion applies

as well to the descendants, which are obtained by acting with L−1 and L̄−1 on (3.1) and

therefore have a contribution linear in τ .

The considerations in the previous paragraphs might be of interest for the Euclidean

approach/CFT approach pursued in [42 – 50]. We conclude with three options, all of which

are worthwhile pursuing:

1. A consistent quantum theory of Euclidean chiral gravity with a chiral CFT dual may

exist if the truncation of CCTMG can be shown to be admissible. At the boundary

this would involve a truncation of a LCFT to a unitary CFT. One can check the

viability of this option by studying correlators like 〈ψnew ψL ψL〉. If they are non-

vanishing no truncation is possible.

2. If a truncation turns out to be impossible then an alternative option is to find a

unitary completion of the theory.

3. Even without truncation or completion CCTMG and its related LCFT provide in-

teresting subjects for further studies.10 LCFTs are not unitary, but still useful as

physical models [14, 15]. One could learn something about 3-dimensional gravity in

general and about the instability described here in particular, by studying the dual

LCFT. On the other hand, studying the bulk theory along the lines of the present

work may also shed some light on properties of the dual LCFT, via the dictionary of

AdS/LCFT [16 – 20].
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A. Fefferman-Graham expansion

While the conclusions of the analysis below are gauge independent, it is convenient to use

an adapted coordinate system. Even though the bulk metric (2.10) is not in Gaussian

coordinates

ds2 = gµν dx
µdxν = dρ̂2 + γij dx

idxj (A.1)

its shift vector and lapse function do not contribute to the relevant order in a large ρ̂

expansion. Thus, for boundary purposes the bulk metric (2.10) actually is of the form (A.1),

up to a factor of ℓ2, which we shall take into account in the very end. Therefore, we can

exploit the standard features of Gaussian coordinates, e.g. that the outward pointing unit

normal vector nµ has only a ρ̂-component, nρ̂ = 1, ni = 0, and that the first fundamental

form hµν = gµν − nµnν has only non-vanishing ij-components given by hij = γij . Thus,

γij is the boundary metric. Similarly, the second fundamental form Kµν = hµ
αhν

β∇αnβ

has only non-vanishing ij-components given by Kij = −Γρ̂
ij .

We expand the boundary metric in the limit of large ρ̂

γij = e2ρ̂/ℓ γ
(0)
ij +

ρ̂

ℓ
γ

(1)
ij + γ

(2)
ij + . . . (A.2)

as well as its inverse,

γij = e−2ρ̂/ℓ γij
(0) − e−4ρ̂/ℓ ρ̂

ℓ
γij
(1) − e−4ρ̂/ℓ γij

(2) + . . . (A.3)

and its determinant √−γ = e2ρ̂/ℓ
√

−γ(0) + . . . (A.4)

In all expressions above and below we display the leading and next-to-leading order terms

(if they are non-vanishing) in powers of e2ρ̂/ℓ. The extrinsic curvature

Kij =
1

2
∂ρ̂γij = e2ρ̂/ℓ 1

ℓ
γ

(0)
ij +

1

2ℓ
γ

(1)
ij + . . . (A.5)

and its inverse

Kij = e−2ρ̂/ℓ 1

ℓ
γij
(0)

− e−4ρ̂/ℓ 2ρ̂

ℓ2
γij
(1)

− e−4ρ̂/ℓ 2

ℓ
γij
(2)

+ e−4ρ̂/ℓ 1

2ℓ
γij
(1)

+ . . . (A.6)

in our case have a very simple trace

K =
2

ℓ
+ . . . (A.7)
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because of the tracelessness gauge conditions [cf. (2.14)]

γij
(0)
γ

(1)
ij = γij

(0)
γ

(2)
ij = 0 . (A.8)

The Gauss-Codazzi equations

Ri
ρ̂jρ̂ = −∂ρ̂K

i
j −Ki

kK
k
j (A.9)

yield

Rkρ̂
jρ̂ = − 1

ℓ2
δk
j + e−2ρ̂/ℓ 1

ℓ2
γkl
(1)γ

(0)
lj + . . . (A.10)

Analogous formulas are valid for the variations of these quantities. We use them to

derive

εijRkρ̂
jρ̂ δγik =

1

ℓ2
εij γkl

(1)γ
(0)
lj δγ

(0)
ik + . . . (A.11)

and

εij Ki
k δKkj = −1

ℓ
εij
(

ρ̂

ℓ2
γlk
(1)γ

(0)
li +

1

ℓ
γlk
(2)γ

(0)
li − 1

2ℓ
γlk
(0)γ

(1)
li

)

δγ
(0)
kj + . . . (A.12)

In these expressions

εij =
ǫij

√

−γ(0)
(A.13)

denotes the ε-tensor with respect to the conformal boundary metric γ(0). For the Einstein-

Hilbert part of the action we need the quantity

√−γ
(

Kij −
(

K − 1

ℓ

)

γij

)

δγij = −
√

−γ(0)

(

ρ̂

ℓ2
γij
(1) +

1

ℓ
γij
(2) −

1

2ℓ
γij
(1)

)

δγ
(0)
ij + . . . (A.14)

The explicit form of the expression Γk
li δΓ

l
kj ∼ γ(0) δγ(0) is not needed in the present

work since it vanishes for flat γ(0). Dropping this term in the first variation of the on-shell

action (4.1) and using

ρ̂ = ℓρ (A.15)

establishes

δICCTMG

∣

∣

EOM
= lim

ρ→∞

∫

∂M
d2x

√

−γ(0) δγ
(0)
ij

[

ρ− 1/2

ℓ

(

γij
(1) − γil

(1)γ
(0)
lk ε

kj
)

+
1

ℓ

(

γij
(2) − γil

(2)γ
(0)
lk ε

kj
)

]

. (A.16)

The terms in the first line of (A.16) diverge linearly with ρ, while the terms in the second

line are finite. We see explicitly from (A.16) that no δγ(1) or δγ(2) dependence remains for

large ρ. Thus, the variational principle is well-defined.
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